We consider the Cauchy problem of 2 dimensional incompressible Euler equations. We study the problem of growth rate of high Sobolev norms of the solutions. A well-known result that is implicit in [J. T. Beals ,T. Kato and A. Majda, Comm. Math. Phys. 94 (1984), 61-66] is the double exponential rate. An open question that has been asked by Tao is wether we can get an exponential rate. In this paper, we show that the high Sobolev norms at most grow at an almost exponential rate exp (Ct 1+δ ) for any δ > 0.
Introduction
Consider the following Cauchy problem of 2 dimensional incompressible Euler equations u t + u · ∇u + ∇p = 0, ∇ · u = 0, (1.1)
with ∇ · u 0 = 0. It is well known that the problem is globally well posed in Sobolev space H s (s ≥ 3)(see [3] and reference there in). The issue is the growth rate of the H s norm of u(t). A well known result is that it at most grows like a double exponential,(see [1] ), i.e. u(t) H s ≤ exp(exp(Ct)), (1.3) where C depends only on u 0 H s (s ≥ 3 ). An open problem that has been asked by Tao [4] is wether we can replace double exponential by just exponential . In this paper, we shall show that the double exponential rate can be considerably improved. More precisely, we shall proved the following Theorem 1.1. Consider the Cauchy problem of 2D Euler equations. For any δ > 0, there exists a constant C depending only on δ and the H s (s ≥ 3) norm of the initial data such that there hold
In Cordoba and Fefferman [2] , the possibility of an exponential growth on the derivatives of velocity by a semi-uniform front is ruled out. In this paper, we show that actually the derivatives of velocity grows much slower.
The proof of Theorem 1.1 employs delicate harmonic analysis techniques, it is an interesting thing that deep theorems in harmonic analysis can be applied to the study of Euler equations.
Proof of Theorem 1.1
First, we collect some well known results for the 2D Euler equation. We have the conservation of energy
Let ω = ∇ × u be the vorticity, then
and we can recover u from ω by the well known B-S law
where ω 0 = ∇ × u 0 is the initial vorticity. We also have the following energy estimate
see [1] . Thus, to prove Theorem 1.1, we need to estimate ∇u L ∞ by ω L ∞ . For this purpose, we introduce the well known Littlewood-Paley decomposition. Let φ 0 be a smooth function such that
Moreover, let
Then, for any function f, we have the following decomposition
where
and F denotes the Fourier transform. The key to prove Theorem 1.1 is the following Lemma:
Lemma 2.1. Let a(ξ) be a homogenous function of degree zero which is smooth on
, then there holds
for any ε > 0, where a(D) = F −1 a(ξ)F is the pseudo differential operators with symbol a(ξ) and C ε is a positive constant depending only on ε. was implicitly given in Zhou and Lei [7] .
The proof of this lemma will be postponed to the next section. We now use it to prove our main theorem.
We decompose
We first estimate the first term
By the B-S law and Lemma 2.1, the second term can be estimate as
where we chose q = 1 + δ and
The third term can be estimates as
Putting all things together, we finally get
where C depends only on u 0 L 2 , ω 0 L ∞ and δ. By (2.5), we get
Thus, (1.4) follows by Gronwell's inequality. Putting (1.4) into (2.18), we get (1.5). This completes the proof of Theorem 1.1.
Proof of Lemma 2.1
We first review some knowledge from Harmonic analysis. They are contained in the book by Triebel [5] , [6] . Let S(R n ) denote Schwartz function space on R n and S ′ (R n ) its dual. The TriebelLizorkin space is defined as follows: Let −∞ < s < ∞, 0 < p < ∞, 0 < q ≤ ∞, or p = ∞ and 1 < q ≤ ∞, we define
where f = ∞ j=0 P j f is the littlewood-Paley decomposition. We have the important property that the dual space of F [5] , page 51, Proposition 2). Moreover, Let m(ξ) satisfy
for sufficiently large N, then it is a multiplier of F s ∞,q (1 < q ≤ ∞). That is to say, m(D) maps F s ∞,q into itself (see [5] , page 58, Remark 4). Next, we state the following Proposition 3.1. Let f ∈ S(R n ), then there holds
Since we can not find a reference where this proposition is proved, we shall give a proof of it. We shall use a duality argument. For that purpose,we need the knowledge of atoms in space F 0 1,q ′ . Let Q n stands for the collection of all cubes Q νk in R n with sides parallel to the axes, centered at 2 −ν k, and with side length 2 −ν where k ∈ Z n and ν ∈ N. Let Q be a cube in R n and r > 0, then rQ is the cube in R n concentric with Q and with side length r times the side length of Q. We write (ν,
Let c ∈ R, then c + = max(c, 0) and [c] stands for the largest integer less than or equal to c.
Definition 3.3. Let −∞ < s < ∞ ,0 < p ≤ ∞ and 0 < q ≤ ∞. Let K and L be integer with
Obviously, if a(x) is an s-atom then
for some ν ∈ N and k ∈ Z n , where a µl (x) is a (Q µl , s, p, q)-atom and d µl are complex numbers with 
From the definition, we immediately get
Proof. we have
We also have the following Theorem (see [6] , page 67):
is an element of F s p,q if and only if it can be represented as
where a j is a s-atom, g j is a (s, p, q)-atom, µ j and λ j are complex numbers with
Furthermore, the infimum of (3.16) with respect to all admissible representations is an equivalent quasi-norm in F s p,q
Now, we are ready to prove Proposition 3.1. By duality, we only need to prove
Noting that f ∈ S(R n ), by Theorem 3.6, we only need to prove (3.17) for
with finite summation and
By Corollary 3.5, we also have
This completes the proof of Proposition 3.1. Finally, We prove Lemma 2.1. Noting that the Fourier transform of the summation K j=1 (P j f ) is supported in 1 2 ≤ |ξ|, we get
(P j f ). , we get
with the last inequality following from Proposition 3.1.and Remark 3.2. This completes the proof of Lemma 2.1
